We give an example of a renorming of 2 with the fixed-point property (FPP) for nonexpansive mappings, but which seems to fall out of the scope of all the commonly known sufficient conditions for FPP.
Introduction. Let C be a subset of a Banach space (X, · ). A mapping T : C → X is called nonexpansive whenever T (x)−T (y) ≤ x −y for all x, y ∈ C.
The space (X, · ) has the fixed-point property (FPP) if every nonexpansive self-mapping of each nonempty bounded closed convex subset C of X has a fixed point. If the same property holds for every weakly compact convex subset of X we say that (X, · ) has the weak fixed-point property WFPP.
It has been known from the outset of the study of this property that it depends strongly on "nice" geometrical properties of the space. For instance, a celebrated result due to Kirk [21] establishes that those Banach spaces with normal structure (NS) have the WFPP.
Recently, it has been shown that a subspace of L 1 ([0, 1]) has WFPP if and only if it is reflexive (see [4] ). This result is a partial answer to a longtime open major question in metric fixed-point theory: does every reflexive Banach space have FPP? (See [22] .) A particular case of this question is: does every superreflexive Banach space have FPP? Although superreflexive spaces have the FPP for isometries [24] , the question for general nonexpansive mappings remains still unsolved. A complication in the general study of FPP is the obvious fact that fixedpoint properties are not invariant under renormings. In fact, it is not known whether there exists a nontrivial class of isomorphic Banach spaces such that every member of this class has the FPP. (A trivial class with this property is the Banach spaces isomorphic to a Schur space.)
Since Hilbert spaces have the FPP, this raises the natural question of whether every Banach space which is isomorphic to a Hilbert space does indeed enjoy the FPP. This problem is essentially of separable nature (see [12, page 35] ). Thus, without loss of generality, we can merely ask: does every (equivalent) renorming of 2 
have the FPP?
The aim of this paper is to overview the state of the art on this question and to give an example of a renorming of 2 which seems to fall out of the scope of all the commonly known sufficient conditions for FPP.
2. The state of the art. In this section, we give a survey on the main fixedpoint theorems which can be applied in order to check the FPP for renormings of 2 , the classical space
endowed with its usual Euclidean norm. 
It is known that if · is a norm on 2 such that, for every v ∈ 2 ,
with b < √ 2, then ( 2 , · ) has the FPP. For more information about the stability of FPP, see [8] .
Normal structure and its generalizations.
There are many sufficient conditions to determine whether the FPP holds for Banach spaces isomorphic to 2 . However, the most relevant in metric fixed-point theory is the NS. Recall that a Banach space (X, · ) is said to have NS if for each nontrivial bounded convex subset C of X there exists a nondiametral point p ∈ C, that is, a point p ∈ C such that
This property was introduced by Brodskii and Milman and has been significant in the development of fixed-point theory (see [12, 13] ). Of course, reflexive spaces with NS have FPP [21] .
In fact, the result of Kirk on NS was the starting point of considerable research aimed at finding other geometrical properties of Banach spaces which imply NS; for instance, uniform convexity and uniform smoothness. However, in some way, it is very unusual for spaces to fail to have NS (see [12, page 65] ). Nevertheless, one can find renormings of 2 with NS, which lack uniform convexity and several of its generalizations (see [10, 28] ).
Karlovitz [18, 19] first noted that even in reflexive spaces NS is not essential for FPP. In particular, E β fails to have NS for β ≥ √ 2. The concept of asymptotic normal structure (ANS) was introduced by Baillon and Schöneberg in 1981 [2] . A Banach space (X, · ) has ANS if each nonempty, bounded, closed, and convex subset C of X which contains more than one point has the following property: if a sequence (x n ) in C satisfies x n − x n+1 → 0, there exists a point x ∈ C such that
Clearly, if (X, · ) has NS, then it has ANS, but the converse is not true. In fact, for β ∈ [ √ 2, 2), the spaces E β have ANS but not NS. In the same work [2] the following result was shown. 
Orthogonal convexity.
Some well-known sufficient conditions for the WFPP are independent of the NS. One of them is the so-called orthogonal convexity, a property of geometric nature which among other things implies the Banach-Saks property (see [23] ). It is known that every uniformly convex Banach space is orthogonally convex. Other examples include E β , 1 , c 0 , c, and the James space J.
Recall that a Banach space (X, · ) is orthogonally convex (OC) if for every weakly null sequence (x n ) with
for any x and y in X, and |A| = sup{ x : x ∈ A} for any subset A of X. A generalization of the property of OC can be found in [3] . We consider the following renorming of 2 . For x ∈ 2 ,
This norm was introduced by van Dulst [29] . The space ( 2 , | · | ) lacks ANS although it is OC (see [16] ). In this paper, the following result was given.
Theorem 2.3. Every OC Banach space has the WFPP.
Hence, reflexive OC Banach spaces have FPP. On the other hand, there are renormings of 2 with NS which fail to be OC.
Conditions depending on a (Schauder) basis.
A Schauder basis (e n ) of (X, · ) is called unconditional if for every choice of signs θ = (θ n ), one has that ∞ n=1 θ n a n e n is convergent provided ∞ n=1 a n e n is also convergent. In this case, the number
θ n a n e n : ∞ n=1 a n e n = 1,
is called the unconditional constant of (e n ).
If (e n ) is an unconditional basis for X, then it is well known that for each nonempty F ⊂ N, the projection
a n e n   := n∈F a n e n (2.10)
is well defined and the constant c := sup{ P F } is finite. It is easy to verify that 1 ≤ c ≤ µ ≤ 2c. The basis (e n ) is called strongly monotonous whenever c = 1.
The following theorems are two sufficient conditions for WFPP and in terms of these constants are well known.
Theorem 2.4 (Khamsi [20]). Let (X, · ) be a reflexive Banach space with an unconditional basis such that
Then (X, · ) has the FPP.
Theorem 2.5 (Lin [24]). Let (X, · ) be a superreflexive Banach space with
In order to be able to apply Theorems 2.4 and 2.5 to a specific space, one must note that they are strongly dependent on a previous choice of a basis. For renormings of 2 , we have the standard basis (e n ) as a quite natural option.
We observe that E β falls into the scope of Theorems 2.4 and 2.5 since c and µ are equal to 1 for the standard basis in this space.
On the other hand, one has, for the van Dulst renorming,
Therefore, with respect to the canonical basis, c(2+ µ) ≥ 10. It is not clear whether these constants can be improved with respect to another basis.
Near uniform smoothness.
Recall that (X, · ) is weakly nearly uniformly smooth (WNUS) if for some ε > 0, there exists µ > 0 such that if 0 < t < µ and (x n ) is a basic sequence in B X , then there exists k > 1 so that x 1 +tx k ≤ 1+εt. A coefficient closely related to this property was defined by García-Falset [6] as
(Here, B X is the unit ball of (X, · ) and the symbol stands for the weak convergence.) It turns out that (X, · ) is WNUS if and only if X is reflexive and R(X) < 2. Moreover, one has the following result.
The relationship between the orthogonal convexity and the condition R(X) < 2 is not clear. Other coefficients have been defined with the aim of improving the above theorem (see [1] ).
Uniformly noncreasy Banach spaces.
An interesting sufficient condition for FPP was recently given by Prus [27] . Given two functionals x * ,y * ∈ S X * and a scalar δ ∈ [0, 1], we let
14)
The following definitions were also given in [27] : we say that the unit sphere S X of a Banach space X has a crease if there are
A Banach space X is called noncreasy if S X does not have a crease. We say that a Banach space X is uniformly noncreasy (UNC) if for all ε > 0, there exists δ > 0 such that, for any
Examples of UNC Banach spaces are the uniformly convex and uniformly smooth Banach spaces. The following theorem is the main result of [27] .
Theorem 2.7 (Prus [27]). UNC Banach spaces have WFPP.
In particular, the space E √ 2 is UNC but does not have NS. There are renormings of 2 for which the corresponding Banach space is UNC but fails to be both OC and NUS. A class of Banach spaces more general than UNC Banach spaces has been given recently in [9] . c(µ + 2) < 4 [20] ANS [2] NS ε 0 (X) < 1 c = 1 [24] FPP UNC [27] UCED UC OC [15] 2µ [25] NUS (R(X) < 2) [7] (2.17)
We consider the Banach space E = ( 2 , · ) whose norm · is defined by
Our aim here is to show that E lacks all geometrical sufficient conditions for FPP, listed above, although it still verifies the FPP. It is easy to see that for every x ∈ 2 , 1 3
and since both inequalities are sharp, Lin's stability theorem (Theorem 2.1) cannot be applied in this case. It is well known that ε 0 (X) < 1 implies that (X, · ) is reflexive and has NS [11] , so it has the FPP. However, for uniformly nonsquare Banach spaces, the FPP has been proved only under additional assumptions on the space (see [5] or [17] ).
Proposition 3.1. The characteristic of convexity of E is 2.
Let (e n ) be the standard Schauder basis of 2 Proof. Consider the set C defined as
We claim that C is a closed, bounded, and convex set with diam · (C) = 1, which contains a diametral sequence (x n ) with x n+1 − x n → 0.
To prove that C is closed and convex is easy. To see that diam · (C) = 1, observe that for all x, y ∈ C,
Moreover, for positive integers i ≠ j, we have x(i), y(i), x(j), y(j) ∈ [0, 1/2], which implies that
Thus, M(x − y) ≤ 1. That S(x − y) ≤ 1 follows from x(1) = y(1) = 0 and the fact that in the following inequality one of the three summands on the right-hand side is zero: We consider the sequence (x n ) in C defined by
It is straightforward (but tedious) to check that x n+1 − x n → 0. To see that (x n ) is a diametral sequence, observe that v k = (1/2)(e 4k +e 4k+2 ) and v k+1 = (1/2)(e 4k+4 + e 4k+6 ) have disjoint support, and then we can write
where either (2k)
and since x ∈ 2 , this shows that As this holds for any positive β, it follows that ( 2 , · ) is not OC. Proof. Let f ,g ∈ E * be the functionals given by
The space E is not WNUS Proposition The space E is not WNUS, that is, R((
If we take
On the other hand, for every x ∈ E, we have 20) and therefore, f , g, δ) ) > ε. This contradicts the definition of being UNC. Hence,
θ n a n e n :
∞ n=1 a n e n = 1, θ n = ±1
On the other hand, −(1/2)e 1 + (1/2)e 2 + (1/2)e 3 + (1/2)e 4 = 1 and
Therefore, c(µ + 2) ≥ 6, so Khamsi theorem does not apply in this case. Nevertheless, an obvious question arises. 3.7. The space E enjoys the FPP. The proof of this result uses the fact that "pathological" sequences exist in those Banach spaces lacking the FPP. A classical result in this direction is the well-known Goebel-Karlovitz lemma (see [12] ) whose statement is as follows: assume that T : K → K is a nonexpansive mapping, where K is a nonempty, bounded, closed, and convex subset of a Banach space X. If K is minimal for T (i.e., minimal for the properties of being nonempty, bounded, closed, convex, and T -invariant) and (x n ) is an approximate fixed-point sequence (AFPS) for T (which means that
which is the case when T has no fixed points in K), this behavior seems unusual. And the more pathology is strange, the larger the class of Banach spaces for which such pathology fails (and then have the FPP).
In this context, a significant impulse to the theory was given by Maurey [26] who proved that between two AFPSs there is always another AFPS. This result was subsequently refined by Lin [24] (and many others) who obtained more sophisticated pathologies, in most cases via ultrapower techniques. The result needed for our purposes is simpler than those and reads as follows. By the Banach contraction principle, there exists a sequence (z n ) in K such that
Observe that (z n ) is an AFPS for T because z n −T (z n ) ≤ α n d and α n d → 0. Now, use the nonexpansiveness of T to obtain, for (i,j,k), any permutation of (1, 2, 3),
Finally, grouping the terms containing z n − x i n , obtain that Proof. To prove that E has the FPP we will argue by contradiction: suppose that E lacks the FPP and let T : K → K be a fixed-point free nonexpansive mapping defined on the nonempty, convex, and weakly compact set K. We assume that K is minimal for T (the existence of such a minimal set is guaranteed by Zorn's lemma) and let (x n ) be an AFPS for T . Since K is weakly compact, (x n ) has a subsequence which is weakly convergent, say to x 0 , and since any subsequence of (x n ) is an AFPS for T , we may assume that (x n ) is itself weakly convergent. To simplify the formulae and arguments we may also assume, by translating and dilating K if necessary, that 0 ∈ K, d = 1, and that (x n ) is weakly null.
Using that (x n ) is a weakly null sequence in 2 , there exists a subsequence of it, still denoted by (x n ), to which a sequence (u n ) in 2 can be associated with the properties of that u n − x n → 0, the set supp(u n ) = {i : u n (i) ≠ 0} is finite, min supp(u 1 ) > 1, and also max supp(u n ) + 4 < min supp(u n+1 ).
Notice that lim n x n ,x n+1 = 0. To deduce it use that u n and u n+1 have disjoint supports and the following inequality: Since K is minimal for T and 0 ∈ K, the Goebel-Karlovitz lemma ensures that lim z n = 1. Our next goal will be to obtain a contradiction with this. To do so, recall that z n = max{(1/3) z n 2 ,M(z n ), S(z n )}, and we proceed to estimate each quantity.
Start with z n 2 . Since x 1 n ,x 2 n → 0, the easy-to-check equality On the other hand, we quote the following intriguing sentence from [14] :
"let us finish with the metamathematical statement not quite clear but in our opinion in some sense true: for any sufficient condition for FPP there exists a set having FPP, which does not satisfy it."
Mathematical Problems in Engineering
Special Issue on Time-Dependent Billiards
Call for Papers
This subject has been extensively studied in the past years for one-, two-, and three-dimensional space. Additionally, such dynamical systems can exhibit a very important and still unexplained phenomenon, called as the Fermi acceleration phenomenon. Basically, the phenomenon of Fermi acceleration (FA) is a process in which a classical particle can acquire unbounded energy from collisions with a heavy moving wall. This phenomenon was originally proposed by Enrico Fermi in 1949 as a possible explanation of the origin of the large energies of the cosmic particles. His original model was then modified and considered under different approaches and using many versions. Moreover, applications of FA have been of a large broad interest in many different fields of science including plasma physics, astrophysics, atomic physics, optics, and time-dependent billiard problems and they are useful for controlling chaos in Engineering and dynamical systems exhibiting chaos (both conservative and dissipative chaos). We intend to publish in this special issue papers reporting research on time-dependent billiards. The topic includes both conservative and dissipative dynamics. Papers discussing dynamical properties, statistical and mathematical results, stability investigation of the phase space structure, the phenomenon of Fermi acceleration, conditions for having suppression of Fermi acceleration, and computational and numerical methods for exploring these structures and applications are welcome.
To be acceptable for publication in the special issue of Mathematical Problems in Engineering, papers must make significant, original, and correct contributions to one or more of the topics above mentioned. Mathematical papers regarding the topics above are also welcome.
Authors should follow the Mathematical Problems in Engineering manuscript format described at http://www .hindawi.com/journals/mpe/. Prospective authors should submit an electronic copy of their complete manuscript through the journal Manuscript Tracking System at http:// mts.hindawi.com/ according to the following timetable:
Manuscript Due December 1, 2008
First Round of Reviews March 1, 2009 
